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Following the ideas of effective field theories, we derive classically effective field equations of
recently developed Lorentz gauge theory of gravity. It is shown that Newton’s gravitational constant
emerges as an effective coupling parameter if an extremely small length is integrated out of the
underlying theory. The linear version of the effective theory is shown to be fully consistent with the
Newtonian gravity. We also derive a numerical solution for the interior of a star and show that in
the non-linear regions, the behavior of the effective theory deviates from the predictions of general
relativity.
1. INTRODUCTION
The standard model, which is until now the best known description of the fundamental fields, is a gauge theory
of the group SU(3) × SU(2) × U(1), a geometry of internal spaces over the space-time, and except gravity explains
all the forces of the nature. In the standard model the connections, known as the gauge bosons, are the dynamical
variables and as a result their Lagrangians are polynomials of order four and consequently their theories are successfully
renormalizable. General relativity on the other hand is a Poincare gauge theory in which the metric, and not the
connections, is the dynamical variable. If one expands the metric around a classical background, a polynomial of
infinite orders will be reached and as one goes to higher orders in the perturbation, the theory becomes more and
more divergent. A review of these ultraviolet divergences can be found in [1]. It is therefore legitimate to search for
a gauge formulation of gravity based on geometry of internal spaces over space-time. This avenue of research was
opened by the works of Utiyama, Sciama, and Kibble [2–4] and will be discussed more in the next section. There has
been a glaring progress in this area of research but gravity has not been incorporated into the standard model until
now. In [5] we have introduced a framework in which the metric remains non-dynamical. In this work, it is shown
that the degree of divergence does not increase if one tries to calculate higher and higher orders of perturbation.
Therefore, the theory remains predictable at high energies. Although the same formulation should in principle work
in the macroscopic scales as well, it is extremely more convenient if a macroscopically effective version of the theory
can be found.
Fortunately the astonishing feature of the nature is that at any scale, one can find an “effective” physics by isolating
the interesting phenomena of that scale without worrying about the fundamental rules behind it. The description of
the important physics of a given scale is referred to as the effective theory of that scale and can be found if there
exist some parameters in the underlying theory that are very large or very small in comparison with the quantities
of interest in that scale. It is most of the time possible to absorb the very large or very small parameters into some
other constants of the theory and then set them to infinity or zero afterward. A detailed description of the ideas
in effective theories can be found in [6–8]. Fermi theory of beta decay, as an example, is an effective theory of the
electroweak interactions and is built by absorbing the mass of the W boson, which is very large in the MeV scale,
into the coupling constant of the electroweak theory and defining the effective Fermi constant
GF =
√
2
8
g2
m2W
,
where g is the coupling constant of the electroweak theory and mW = 80 GeV is the mass of the W boson and is set
to infinity in the effective theory. In this paper we would like to follow the same ideas and find an effective Lorentz
gauge theory in a general non-linear space-time. We first note that if the linear version of a given theory is known and
the equivalence principle is valid, the non-linear format of the theory is uniquely given by the principle of minimal
coupling [9]. Therefore, all we need is to find the linear version of the effective theory and then simply use the minimal
coupling principle and convert it to the full non-linear effective theory.
The present paper is organized as follows. A brief review of Lorentz gauge theory of gravity is presented in section
2. In section 3 the linear version of effective Lorentz gauge theory is derived. The general non-linear effective theory
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2is introduced in section 4 where the interior of an incompressible star is studied. A conclusion is drawn at the end in
section 5.
2. LORENTZ GAUGE THEORY OF GRAVITY
The global Poincare symmetry is thus far preserved in all the interactions that are observed by the experiments
in the particle physics and therefore, inspired by Yang-Mills theories, one may wish to locally preserve the Poincare
invariance. This requires adding a class of gravitational compensating fields, connections, to preserve the local
translations. Here in contrast to general relativity where only translations are considered, one can in addition define
a class of inertial frames at each point of space-time that are related to each other by the Lorentz transformations.
In order to locally preserve the latter, one also needs to insert a second type of compensating fields called the spin
connections. There is a wide agreement on the kinematics of the gauge theories of gravity that was mentioned above.
However, the dynamics, i.e. how matter influences the geometry, is still an active area of research. There are a large
number of invariant scalars constructed out of the curvature tensor and one needs to seek extra conditions in order
to reduce the possibilities. Therefore, in contrast to Yang-Mills theories, the Lagrangian is not uniquely determined
by setting the symmetry of the theory. We do not intend to review the gauge theories of gravity in the present article
but only refer to some excellent papers devoted to the subject [10–15]. The list is far from being complete and more
details can be found in literature. There is also another important difference between the Yang-Mills theories and
the Poincare gauge theories of gravity. In the former the internal symmetries are defined on the space-time while the
latter describe the geometry of space-time itself with the metric being a dynamical variable. Consequently, energy-
momentum tensor is the source of gravity in the Poincare gauge theories which itself leads to an infinite number of
fundamentally independent interactions [16] comparing to a few interactions in the Yang-Mills theories. It is hard to
imagine the renormalizability of a theory with infinite number of fundamental interactions. This however is not the
only hurdle in quantizing a theory whose dynamical variable is the metric. Quantizing the space-time itself is in a
sharp contrast with the current picture of quantum mechanics where fields are quantized on the space-time and also
where time has a very specific external role. This role does not conceptually fit in a theory of gravity where time
itself is going to be quantized, i.e. is dynamical [17, 18]. Alternatively, one may wish to find a formalism of gravity
in which the metric is not dynamical. Lorentz gauge theory is an attempt in this direction and is briefly reviewed in
this section. For more details one can consult [5].
The equivalence principle implies that there is a free falling frame at any point in space-time which is both a Lorentz
and a coordinate frame. Therefore, tetrad field can be divided into a part which contains the angle between the free
falling frame and that associated with the arbitrarily chosen coordinates and the part that contains the angle between
the free falling frame and the arbitrarily chosen Lorentz frame. Mathematically this means
eiµ = η
k¯l¯eik¯el¯µ, (1)
where the free falling frame is shown with a bar while the Latin indices indicate the Lorentz frame and the Greek
ones refer to the coordinate system. Either of the two tetrad constituents can be dynamical. Namely,
δeiµ =
{
ηk¯l¯eik¯δel¯µ Case I,
ηk¯l¯δeik¯el¯µ Case II.
(2)
General relativity and the Poincare gauge theories are based on the first case. Lorentz gauge theory is built upon the
second one and develops no dynamics in the metric because
gµν = η
ijeiµejν = η
i¯j¯ei¯µej¯ν . (3)
Therefore,
δgµν = 0, (4)
in the latter case and as a result variation of whatever made of the metric including the Christoffel symbols and the
determinant of tetrad is zero
δΓαµν = 0
δe = δ
√−g = 0.
Moreover, variation of the spin connections for the second case is
δAijµ = Dµ
(
e νj δeiν
)
, (5)
3which is different from that in the first case by not having one additional term containing δΓαµν [5]. From here it is
easy to see that even for an identical Lagrangian, the field equations will be quite different for the two cases above.
The Lorentz gauge theory is defined by the following action
S =
∫
ed4x
[
LM + LA
]
, (6)
where e is the determinant of the tetrad field, LM is the Lagrangian of matter and LA is the gauge field’s Lagrangian to
be determined later. We first would like to mention that in principle LM can be the Lagrangian of any field including
scalars, vector bosons, and fermions. However, since the Lorentz gauge theory is constructed upon the second case
in equation (2) where the variation of the metric as well as its determinant are zero, the bosonic fields do not enter
the field equations. This can be understood by investigating the Lagrangian of electrodynamics LElec = − 14FµνFµν
as an example. To find its contribution to the field equations, we need to evaluate the following
δ
(√−gL
Elec
)
δgµν
δgµν +
δ
(√−gL
Elec
)
δeiµ
δeiµ, (7)
where δgµν and δeiµ are themselves functions of δeik¯ that is introduced in the second case in equation (2). This
function for δgµν is zero according to equation (4) and therefore the first term in the latter equation is zero. On the
other hand the second term is also zero because the tetrad field has not directly contributed here, but only through
the metric. It is worth mentioning that the second term is not zero for fermionic Lagrangians where the tetrad is
coupled to the Dirac matrices. Although this statement is in sharp contrast with general relativity, there is not
only no experimental evidence that bosonic fields gravitate but also some are suggesting otherwise. Cosmological
observations are pointing that the vacuum energy, that is confirmed to be genuine [19, 20], is not generating the field
that is predicted by general relativity and is hundreds of orders of magnitude larger than what is being observed [21].
This can be easily explained by our formalism because the vacuum energy is being described by LVac = ρVac = const.
whose variation is zero for the same reasons described above and therefore does not contribute to the field equations.
On the other hand, in [5] we have shown that when the matter content in a homogeneous and isotropic universe is
negligible, the de Sitter space-time is an exact solution of the theory and therefore the positive rate expansion of the
universe at the present time can be explained with no need for a dark energy.
The matter field is therefore limited to fermions including charged and neutral leptons as well as quarks. The same
argument indicates that within the framework of Lorentz gauge theory of gravity, dark matter is a fermion. Although
the nature of the dark particles is not yet known, many of the candidates are of fermionic nature [22].
In order to derive the field equations, one needs to write δAijµ in terms of δeiµ or vice versa since they are dependent
according to equation (5). We first try to eliminate δAijµ in terms of δeiµ and write the field equation as
δ(eLA)
δeiµ
= −δ(eLM )
δeiµ
. (8)
However as is shown in [5] the right hand side, the source term, will be zero and hence the tetrad is a non-propagating
field. We are then forced to eliminate δeiµ in terms of δAijµ. This can be achieved by means of the Lagrange multiplier
method. A constraint Lagrangian will be added to the action and then the two fields Aijµ and eiµ will be treated
independently which is the usual process in the method. The action therefore is
S =
∫
ed4x
[
LM + LC + LA
]
, (9)
where LC is just the tetrad postulate, Dµeiν = 0, inserted as a constraint
LC = SµνiDµeiν , (10)
with Sµνi being a Lagrange multiplier.
Finally, LA, is the gauge field’s Lagrangian and its most general form is [23, 24]
LA = −1
4
(
c1Fµνije
iµejν + c2FµνijF
µσikejνekσ + c3FσνmjFµαine
jνeiµemσenα
+ c4FµνijF
αβmneiµejβemαe
ν
n + c5FµνijF
µνij
)
, (11)
where
Fµνij = ∂νAijµ − ∂µAijν +A mi µAmjν −A mi νAmjµ. (12)
4Here Aijµ are the gauge fields, the spin connections, and are related to the tetrad field through the tetrad postulate
Aijµ = e
ν
j ∂µeiν − Γαµνeiαe νj , (13)
where Γαµν are the metric compatible Christoffel symbols
Γαµν =
1
2
gαβ(∂νgµβ + ∂µgνβ − ∂βgµν). (14)
To get the closest equations to those of the standard model, one needs to abandon the first four terms in the Lagrangian
(11). Except the first term that leads to a non-propagating field equation, the terms are dropped because they insert
the strength tensor, Fµνij , into the source field [5] which is something we haven’t seen in the standard model. The
Lagrangian can be set to
LA = −1
4
c5FµνijF
µνij . (15)
The filed equations corresponding with this Lagrangian and the second case in (2) read
δLM
δeiν
−DµSµνi = 0,
c5DνF
µνij =
δLM
δAjiµ
+ Sµν[iej]ν . (16)
To solve the first equation, we suppose
Sµνi = Tµνξi, (17)
where the energy-momentum tensor is defined as Tµν ≡ e µi δLMδeiν . Substituting this into the equation and using the
conservation law of energy-momentum, the equation reads
Tµν
(
eiµ −Dµξi
)
= 0. (18)
Hence, the proposed form for Sµνi is a solution if
Dµξ
i = eiµ where T
µν 6= 0. (19)
It should be noted that the field equations do not specify the value of ξi where matter is absent, i.e. where Tµν = 0.
However, the vector is always multiplied by the energy-momentum tensor which is zero exactly where the vector is
unknown. To find out ξi inside matter, it should be noted that any matter distribution is a collection of units of
matter. So, all we need is to find the solution to ξi for a single unit of matter. We assume a unit of matter is defined
within a sphere of radius δ that will be set to zero later. The solution therefore is
ξi(x) =
{
eiα(X)(x
α −Xα) x < δ,
ξi
+
x ≥ δ, (20)
where X refers to a local point, and ξi
+
will be multiplied by Tµν = 0 and will drop out of the equations. The solution
holds only in the free falling frame co-moving with the unit of matter. The solution in an arbitrary frame can be
found by a simple frame transformation. An interpretation of equations above is that a matter distribution can be
divided to extremely small cells, spheres of radius δ. Inside each cell we can define a local position vector ~ξ which is
defined with respect to the center of that cell. A pictorial illustration is given in figure (1).
Equation (16) together with (17) and (20) lead to the final form of field equations
c5D
νFµνij = Jµij
=
δLM
δAjiµ
+
1
2
Tµjξi − 1
2
Tµiξj . (21)
In the end we would like to mention that Lagrangian (15) is not new at all. In literature this is known as the curvature
squared Lagrangian and within the context of gauge theories of gravity, it was first proposed by von der Heyde [25]
and further studied by Hehl, Nietsch, Blagojevic, Nikolic, Dimakis, Mielke, Minkevich, and others, for example see
[26–30]. In the early versions of the Poincare gauge theories, the Lagrangian was linear in the curvature, defining
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FIG. 1: A matter distribution represented by an energy-momentum tensor Tµν . The distribution is made of N number of tiny
cells, spheres of radius δ. The ~ξ vector is defined with respect to the center of each cell while ~X ′N represents the location of the
center of the Nth cell in an arbitrary coordinate system. Also, ~x refers to an arbitrary location.
the so called Einstein-Cartan theory. However, people realized that such a Lagrangian will lead to non-propagating
contact type interactions. These type of interactions can only be interpreted as the emergences of more fundamental
ones. Therefore, it was essential to introduce the curvature squared Lagrangians in order to reap a propagating field.
Although Lagrangian (15) is extensively used within the Poincare gauge theories, their field equations are to some
extent different than those in equation (21). This again roots back to the fact that the dynamical variable in the
Poincare gauge theories corresponds with the first case in equation (2) while in Lorentz gauge theory corresponds
with the second one.
3. EFFECTIVE LORENTZ GAUGE THEORY: LINEAR STATIC CASE
This section is devoted to studying linear and static version of Lorentz gauge theory and deriving its corresponding
effective theory that holds in macroscopic scales. The starting point is to decompose the metric into the Minkowski
metric plus a perturbation
gµν ≡ ηµν + hµν , where |hµν |  1. (22)
After inserting this in equation (21) and neglecting terms of order two and higher in hµν , the linear field equation
reads
∂2Aijµ = c
−1
5 Jµij , (23)
where ηαν∂α∂ν is replaced by ∂
2 and the Lorentz gauge is fixed by ηαν∂αAijν = 0. In a static problem the
d’Alembertian is replaced by a Laplacian
∇2Aijµ = c−15 Jµij , (24)
and the Green’s function is the inverse of the Laplace operator
G(~x− ~x′′) = 1
4pi|~x− ~x′′| . (25)
Equation (24) and its Green’s function look very much like a simple electrostatic problem. However, there is
a disappointing difference. Even for the simplest and highly symmetric matter distributions, the source field Jµij
fluctuates extremely rapidly due to the nature of ξi. The directions of this vector can be very different at two adjacent
points. The non-uniformity of this vector can be seen if one moves from a unit of matter to the adjacent one and will
6ruin the symmetries of the problem. Consequently, one needs to take into account the fluctuations of the vector in
scales as small as δ even though he is solely interested in large scale description of the configuration. Although it is
still in principle possible to solve the problem, practically it is frustratingly hard.
In the following we will find an effective theory of the underlying field equations to overcome the undesired fluctu-
ations in the source field Jµij . The small parameter δ in equation (20) is analogues to the inverse of the W boson’s
mass that was absorbed into the coupling constant of the electroweak theory, something that led to the Fermi theory
of beta decay. Therefor, if δ could be absorbed into the coupling constant of Lorentz gauge theory c−15 , an effective
theory would be reached. To investigate the possibility of integrating out δ, we start with the full theory and calculate
the gravitational field of the Nth cell in figure 1
Aijµ
N
= −c−15
∫
d3x′′Jµij(x′′)
4pi|~x− ~x′′| , (26)
where
~x ′′ ≡ ~X ′N + ~ξ, (27)
as is shown in the figure, and the integral is over the interior of the cell. Therefore, (26) can be rewritten as
Aijµ
N
= −c−15
∫
d3ξJµij(x
′′)
4pi|~x− ~X ′N − ~ξ|
= −c
−1
5
8pi
∫
d3ξ[Tµj(x
′′)ξi − Tµi(x′′)ξj ]
|~x− ~X ′N − ~ξ|
, (28)
where the spin angular momentum, δLMδAjiµ , is neglected as it is not relevant classically and
ξi = ξ
 0sin(θξ) cos(φξ)sin(θξ) sin(φξ)
cos(θξ)
 . (29)
The temporal component is zero because in a classical problem the gravitational field inside the cell can be neglected
which implies that all the observers co-moving with the cell are simultaneous. As far as a classical matter is concerned,
the energy-momentum tensor can be assumed constant within the cell and therefore
Aijµ
N
= −c
−1
5
8pi
[
Tµj(X
′
N )
∫
d3ξ ξi
|~x− ~X ′N − ~ξ|
− Tµi(X ′N )
∫
d3ξ ξj
|~x− ~X ′N − ~ξ|
]
= −c
−1
5 δ
2
40pi
δV
[
Tµj(X
′
N )
(~x− ~X ′N )i
|~x− ~X ′N |3
yi − Tµi(X ′N )
(~x− ~X ′N )j
|~x− ~X ′N |3
yj
]
, (30)
where |~x − ~X ′N | > ξ is assumed and δV = 4pi3 δ3 is the volume of the cell, yi is equal to one for spatial components
and to zero for temporal one, and
TµjδV =
pµpj
E
, (31)
when E is the energy of the cell and pµ is its momentum vector. Therefore, the final form of the gravitational field
of the Nth cell is
Aijµ
N
= −c
−1
5 δ
2
40pi
[pµpj
E
· (~x−
~X ′N )i
|~x− ~X ′N |3
yi − pµpi
E
· (~x−
~X ′N )j
|~x− ~X ′N |3
yj
]
. (32)
We would like to find an effective theory that leads to the same gravitational field for regions outside of the cell while
7fails to explain the gravity inside the cell. To do so the equation can be rewritten as
Aijµ
N
= −c
−1
5 δ
2
40pi
∫
d3zδ3(~z − ~X ′N )
[pµpj
E
· (~x−
~X ′N )i
|~x− ~X ′N |3
yi − pµpi
E
· (~x−
~X ′N )j
|~x− ~X ′N |3
yj
]
= −c
−1
5 δ
2
40pi
∫
d3zδ3(~z − ~X ′N )
[pµpj
E
· (~x− ~z)i|~x− ~z|3 yi −
pµpi
E
· (~x− ~z)j|~x− ~z|3 yj
]
= −c
−1
5 δ
2
40pi
∫
d3zδ3(~z − ~X ′N )
[pµpj
E
· ∂zi
1
|~x− ~z|yi −
pµpi
E
· ∂zj
1
|~x− ~z|yj
]
=
c−15 δ
2
40pi
∫
d3z
[∂zi (pµpjE δ3(~z − ~X ′N )yi)
|~x− ~z| −
∂zj
(
pµpi
E δ
3(~z − ~X ′N )yj
)
|~x− ~z|
]
. (33)
We should note that
pµpi
E δ
3(~z − ~X ′N ) is simply the energy-momentum tensor of a point-like particle [31] and can be
replaced by Tµi(z), i.e. the cell will be treated like a point-like quantity from now on. Taking a Laplacian of both
sides results in the effective field equations
∇2Aijµ = 4piGJ˜µij , (34)
where
J˜µij = yj∂jTµi − yi∂iTµj , (35)
is the macroscopic version of the gravitational source for a static matter distribution and
G =
c−15 δ
2
40pi
, (36)
is Newton’s gravitational constant, the effective coupling constant in our case. At this point there are two notes in
order. First, the δ2 in this equation could have been absorbed into the coupling constant of Lagrangian (15) right
from the beginning by a simple scaling, c5 → δ2c5. Second, a comparison of the effective coupling constant G and the
Fermi constant GF can be inspiring. The Fermi constant is very small in magnitude in comparison with the coupling
constants of the electromagnetic or strong interactions because of the appearance of the square of the W boson’s mass
in its denominator. Inspired by these historical notes, we can hope that the coupling constant of Lorentz gauge theory
c−15 has a magnitude not very different than those of the other three forces and the Newton’s gravitational constant
is very small because c−15 is divided by the square of a huge mass
1
δ .
Before proceeding further, it should be emphasized that a function whose Laplacian is zero can be added to Green’s
function (25) and can be determined by boundary values. Putting it equal to zero, like what we did above, is equivalent
to assuming that the gauge field rolls toward zero at infinity. The extra function is not zero in most of the curvature
squared Poincare theories because they have a potential that grows linearly with the distance from a given source
[30, 32]. We would like to examine whether the present theory also contains a potential of this kind and if it does, our
choice of Green’s function is not correct. To find the most general form of the gravitational field of a single particle
in the non-relativistic limit, the appropriate source field J˜µij = 4piGyi∂iρ corresponding with the energy-momentum
tensor Tµi = −ρδµ0δi0 should be substituted into equation (34)
∇2Ai00 = 4piGyi∂iρ.
In a spherically symmetric case, every vector should be radial and therefore Ai00 =
1
2a
′rˆi and ∂iρ = ρ′rˆi where a is
the potential, prime indicates a derivative with respect to the distance from the center and rˆ is the radial unit vector
in the spherical coordinate system and i refers to the Cartesian indices. Moreover, except the unit vector, every other
quantity is only a function of the distance from the center. By a straightforward calculation, this equation can be
written in the following form
a′′′ +
2
r
a′′ − 2
r2
a′ = 8piGρ′, (37)
which is a second order differential equation in terms of a′. The most general solution of which is
a′ = a′1 + a
′
2 +
(
a′2
∫ r a′1Fdr
W
− a′1
∫ r a′2Fdr
W
)
, (38)
8where a′1 =
b1
r2 and a
′
2 = b2r are the solutions to the homogeneous part of the equation, W =
3
r2 is the Wronskian of
the two, bi are arbitrary constants, and F is the source 8piGρ
′ while ρ for a single particle is m δ(r)4pir2 with m being the
mass of the particle. Substituting these into the latter equation and taking the integral
∫
dra′ gives the Newtonian
potential
a = −b1
r
+
b2r
2
2
− 2Gm
r
+ b3, (39)
where there is no track of the so called confinement potential that linearly increases with the distance from the source
and that can’t be eliminated by manipulating the integration constants. The fact that, despite starting from the same
Lagrangian, the non-relativistic field in the Poincare gauge theories is different than that in Lorentz gauge theory,
stems again from the differences in their dynamical variables.
We now try to find the gravitational field inside and outside of a sphere of radius R filled with a dust where only
the temporal component of Tµi is non-zero, T00 = −ρ. We also assume that the density, ρ, is constant and locate
the origin of the coordinate system at the center of the sphere. The result can be reached by directly solving field
equation (34)
∇2Ai00 = 4piGyi∂iρ(x). (40)
The field should be zero at infinity and should not diverge at the center. To find the boundary condition at r = R,
one needs to integrate equation (40) ∫
d3x∇2Ai00 = 4piG
∫
d3xyi∂iρ. (41)
Using Gauss’ theorem and knowing that ~A ≡ (0, A100, A200, A300) is radial, the integral reduces to
∂r
(
~A · rˆ
)∣∣∣
R+
− ∂r
(
~A · rˆ
)∣∣∣
R−
= −4piGρ, (42)
which is the last piece of the boundary conditions. Now, we need to solve field equation (40) knowing that, except at
the boundary r = R, the source is everywhere zero
∇2 ~A = 0. (43)
It is now easy to verify that
Ai00 =
{
MG~xi
|~x|3 yi |~x| > R,
MG~xi
R3 yi |~x| < R.
(44)
satisfies both the field equation and the boundary conditions.
To find the Newtonian gravitational force, we start with the geodesic equation, Dµx˙
i = 0, or consequently
x¨i −Aijµx˙j x˙µ = 0. (45)
After neglecting the spatial components of velocity in the lowest order of perturbation, and inserting x˙µ=0 = −1 and
x˙j=0 = 1
x¨i = −Ai00. (46)
This can be written in the final form
~¨x =
{
−MG~x|~x|3 |~x| > R,
−MG~xR3 |~x| < R.
. (47)
This shows that both the interior and exterior Schwarzschild space-times are the linear order solutions of the present
theory.
94. EFFECTIVE LORENTZ GAUGE THEORY: GENERAL NON-LINEAR CASE
The scope of this section is to find an effective Lorentz gauge theory in a general non-linear case. As was explained
in the previous section, due to the fluctuations in the source field, it is extremely hard to use Lorentz gauge theory in
describing classical configurations. Therefore, instead of using equation (21) in macroscopic problems, we would like
to utilize the effective theory whose linear version was defined in the preceding section. In order to find the non-linear
format, we note that in a free falling frame, the field equations of the generally non-linear effective theory is linear
and is given by equation (34). A simple frame transformation will give the field equations in an arbitrary frame.
This is equivalent to replacing the partial derivatives in (34) by covariant derivatives [9]. Therefore, the effective field
equations can be written as
DνF
µνij = 4piGJ˜µij , (48)
where the effective source is
J˜µij = DjTµi −DiTµj . (49)
The conservation law of the classical source implies that
DµJ˜
µij = 0, (50)
since the left hand side of (48) is divergence free, DµDνF
µνij = 0.
4.1. Interior Of A Spherically Symmetric Star
In the following we use the general theory to find a solution for spherical static incompressible stars, corresponding
with the interior Schwarzschild solution in GR. A spherically symmetric space-time is represented by the following
tetrad
eiµ =

√
a(r) √
b(r)
r
r sin(θ)
 . (51)
In appendix A a Mathematica code is provided that computes Γαµν , Aijµ, Fµνij , and field equations as well as the source
field, its divergence and the divergence of energy-momentum and the results are presented below. The Christoffel
symbols, Γλµν , can be easily calculated using (14)
Γ100 =
a′
2b
, Γ212 =
1
r
, Γ122 = −
r
b
,
Γ001 =
a′
2a
, Γ313 =
1
r
, Γ133 = −
r sin2(θ)
b
,
Γ111 =
b′
2b
, Γ323 =
cos(θ)
sin(θ)
, Γ233 = − sin(θ) cos(θ),
(52)
where prime indicates derivative with respect to r. The spin connections, Aijµ, using (13) are
A100 =
a′
2
√
ab
, A122 =
1√
b
,
A133 =
sin(θ)√
b
, A233 = cos(θ),
(53)
and the strength tensor, Fµνij , using (12) reads
F1010 = − a
′′
2
√
ab
+
a′b′
4
√
ab3
+
a′2
4
√
a3b
, F0220 =
a′
2
√
ab
, F0330 =
sin(θ)a′
2
√
ab
,
F1221 = − b
′
2
√
b3
, F1331 = − sin(θ)b
′
2
√
b3
, F3232 = sin(θ)
(
1− 1
b
)
. (54)
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Here, and also in the rest of the paper, only nonzero components are shown. The energy-momentum tensor is given
by
T νµ =
−ρ p p
p
 , (55)
and therefore the independent and non-zero components of J˜µij are
J˜θθr =
p′
r
√
b
,
J˜ ttr = − ρ
′
√
ab
− a
′(ρ+ p)
2
√
a3b
. (56)
Substituting all the pieces into (48) gives the following two independent equations
−1
4r2
√
(ab)7
(
2r2abb′a′2 − 3r2ba2a′′b′ − r2ba2a′b′′ + 2r2a2b2a′′′ + 2r2a2a′b′2 + 2r2b2a′3 − 4r2ab2a′a′′
−2rab2a′2 − 2ra2ba′b′ + 4ra2b2a′′ − 4a2b2a′
)
= 4piG
(
− ρ
′
√
ab
− a
′(ρ+ p)
2
√
a3b
)
,
1
4r4a2
√
b7
(
r2b2a′2 + r2aba′b′ − 4r2a2b′2 + 2r2a2bb′′ − 4a2b3 + 4a2b2
)
= 4piG
p′
r
√
b
. (57)
Conservation of energy-momentum tensor implies that, see [33],
p′ = − (ρ+ p)a
′
2a
. (58)
A direct substitution shows that DµJ˜
µij = 0 is trivially satisfied with no further constraint.
All the necessary differential equations for investigating spherically symmetric problems are now available. In [5]
it is shown that the exterior Schwarzschild space-time is an exact solution to the equations above. Also, through
equation (44) we showed that the interior Schwarzschild space-time is a first order solution of the equations as well.
To find out the non-linear solution to the incompressible star, a numerical study will be performed. But before moving
to the numerical study, it is worth mentioning that the exact interior Schwarzschild space-time satisfies the differential
equations if both density and pressure were negative. This can be verified by first flipping the sign of the right hand
sides of (57) and then directly substituting the followings
a =
(
3
2
√
1− 2GM
R
− 1
2
√
1− 2GM
R3
r2
)2
,
b =
1
1− 2GMR3 r2
,
p = ρ
( √
1− 2GMR −
√
1− 2GMR3 r2√
1− 2GMR3 r2 − 3
√
1− 2GMR
)
, (59)
where ρ is a positive constant.
4.2. A Numerical Solution to the Interior of an Incompressible Star
In this section we would like to numerically solve equations (57) and (58) using the simplest Runge-Kutta method.
We start with the set of equations in (57) and by rearranging them find an explicit expression for a′′′ and b′′. Equation
(58) is already in the desired format. To find the initial conditions we use the fact that a, a′, b, b′, and p are all
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FIG. 2: Numerical results from the Lorentz gauge theory versus the corresponding analytic solutions from general relativity.
(Left) The temporal component of the metric (Middle) the radial component of the metric (Right) the pressure inside an
incompressible star in a static spherically symmetric space-time.
continuous at the surface of the star r = R and use equation (42) to find a value for a′′ given that the exterior of the
star is governed by the exact Schwarzschild space-time. For simplicity we also set
G = M = 1,
R = 10. (60)
Also density is a constant in terms of R and M . The initial values at the surface are given in table I.
TABLE I: Initial conditions used for numerically solving the field equation.
Quantity p a a′ a′′ b b′
Value at r = R 0 0.8 0.02 0.002 1.25 -0.03125
Values of a′′′, b′′, and p′ are also known at the surface through equations (57) and (58). To determine the values of
the quantities at one step away from the surface, the following equation can be used
f(r −∆r) = f(r)−∆rf ′(r), (61)
where f stands for p, a, a′, a′′, b, and b′. Knowing the value of these quantities at R−∆r, one can find the values of
a′′′, b′′, and p′ at the same point through the equations mentioned above. Now we can go further back and find the
values at R−2∆r and beyond by simply repeating the same procedure. We have programmed this algorithm in C++
and plotted using ROOT [34]. The results are shown in figure 2 where the solid line represents the numerical values
and the points show the values of equation (59) at a few occasional locations. The agreement between the solid lines
and the dots from the surface to r ∼ 6 is consistent with our expectations from equation (44). Also there seems to
exist a singularity at r ∼ 2, for which the plots are cut at this point. Study of this singularity is out of the scope of
the present article and is left for future studies.
5. CONCLUSIONS
An effective Lorentz gauge theory of gravity for macroscopic scales have been derived. The effective theory was
necessary because the exact source field in equation (21) is more convenient for microscopic problems. By investigating
the first order of perturbation of the underlying equations, we have found a linear effective theory that works well
provided the gravitational fields are negligible in extremely small distances. Next, using the principle of minimal
coupling, we have derived the non-linear formulation of the effective theory and have shown that it takes the following
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form
DνF
µνij = 4piGJ˜µij
= 4piG
(
DjTµi −DiTµj) , (62)
where Tµi is the energy-momentum tensor, and G is Newton’s gravitational constant and is emerged by integrating
a small length out of the underlying equations. This equation has been used to investigate the interior of an incom-
pressible star. Through numerical studies it is shown that the effective theory within the star is consistent with the
interior Schwarzschild space-time in the linear regions but deviates from it in the non-linear regions.
It also has been shown that bosonic fields do not contribute to the energy-momentum tensor defined as
Tµi =
δL
δeiµ
, (63)
due to the non-dynamical nature of the metric and the fact that the tetrad field does not directly contribute to the
bosonic Lagrangians. Nevertheless, bosons are still affected by gravity through the metric that is coupled to their
Lagrangians and light, for example, does bend under the gravitational fields. The difference with GR is that bosonic
fields do not gravitate with the consequence that even a charged spherical black hole generates the Schwarzschild,
rather than the Reissner-Nordstrm, metric.
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Appendix A: Mathematica Code
The following pieces of Mathematica code, each enclosed by two lines, are developed to perform the calculations
presented in this paper. By pasting them into a Mathematica notebook, one should be able to reproduce the results.
We first would like to emphasize that in Mathematica the indices run from 1 and not 0, therefore the temporal
components are moved to the fourth place. The code starts with the following piece
Clear[ee, e, eta, eeta, g, ggInv, gInv, coord,M, R, rho, p, a, b]
theta = θ;
phi=φ;
Next the coordinates are defined
coord = {r, theta, phi, t};
Define the tetrad, eiµ such that a and b are only a function of r
ee = {{Sqrt[b[r]], 0, 0, 0}, {0, r, 0, 0}, {0, 0, r * Sin[theta], 0}, {0, 0, 0, Sqrt[a[r]]}};
e[i , mu ] := e[i, mu] = ee[[i, mu]];
Both ηij and η
ij , flat metric, are
eeta = {{1, 0, 0, 0}, {0, 1, 0, 0}, {0, 0, 1, 0}, {0, 0, 0, -1}};
eta[i , j ] := eta[i, j] = eeta[[i, j]];
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Next the metric, gµν , and its inverse, g
µν , are introduced
g[mu , nu ] := g[mu, nu] =
4∑
i=1
4∑
j=1
eta[i, j] * e[i, mu] * e[j, nu];
ggInv = Inverse[Table[g[mu, nu], {mu, 1, 4}, {nu, 1, 4}]];
gInv[mu , nu ] := gInv[mu, nu] = ggInv[[mu, nu]];
The Christoffel symbols, Γµνα
Clear[christ]
christ[a , b , c ] := christ[a, b, c] = Simplify[
4∑
d=1
1/2* gInv[a, d]*(D[g[d, c], coord[[b]]] + D[g[d, b], coord[[c]]] - D[g[b, c], coord[[d]]])
];
where the non-zero components can be displayed by
TableForm[
DeleteCases[
Flatten[
Table[
If[UnsameQ[christ[mu, nu, alpha], 0],
{ToString[Γ[coord[[mu]], coord[[nu]], coord[[alpha]]]] -> christ[mu, nu, alpha]}]
, {mu, 1, 4}, {nu, 1, 4}, {alpha, 1, 4}
], 2
], Null
]
]
which shows a group of terms like Γ[r, φ, φ]→ − rSin[θ]2b[r] .
Next the gauge fields, Aijµ, are calculated
Clear[A]
A[i , j , mu ] := A[i, j, mu] =
4∑
nu=1
(
( 4∑
beta=1
gInv[nu, beta] * e[j, beta]
)
*(
D[e[i, nu], coord[[mu]]] -
( 4∑
alpha=1
christ[alpha, mu, nu] * e[i, alpha]
))
)
;
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The non-zero components can be displayed by
TableForm[
DeleteCases[
Flatten[
Table[
If[UnsameQ[A[mu, nu, alpha], 0],
{ToString[AA[coord[[mu]], coord[[nu]], coord[[alpha]]]] -> A[mu, nu, alpha]}], {mu, 1, 4}, {nu, 1, 4}, {alpha, 1, 4}
], 2
], Null
]
]
Next we can calculate and display the strength tensor, Fµνij , by
Clear[F]
F[mu , nu , i , j ] := F[mu, nu, i, j] =
D[A[i, j, mu], coord[[nu]]] +
4∑
m=1
4∑
n=1
eta[m, n] * A[i, n, mu] * A[m, j, nu]
-D[A[i, j, nu], coord[[mu]]] -
4∑
m=1
4∑
n=1
eta[m, n] * A[i, n, nu] * A[m, j, mu];
TableForm[
DeleteCases[
Flatten[
Table[
If[UnsameQ[F[mu, nu, i, j], 0],
{ToString[FF[coord[[mu]], coord[[nu]], coord[[i]], coord[[j]]]] -> F[mu, nu, i, j]}],
{mu, 1, 4}, {nu, 1, 4}, {i, 1, 4}, {j, 1, 4}
], 3
], Null
]
]
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The right hand side of the field equations, DνF
µνij , is calculated by
Clear[field]
field[mumu , ii , jj ] := field[mumu, ii, jj] =
4∑
mu=1
4∑
i=1
4∑
j=1
gInv[mumu, mu] * eta[ii, i] * eta[jj, j] *
(
4∑
alpha=1
4∑
nu=1
gInv[alpha, nu] *
(
D[F[mu, nu, i, j], coord[[alpha]]]
-
4∑
beta=1
christ[beta, alpha, mu] * F[beta, nu, i, j]
-
4∑
beta=1
christ[beta, alpha, nu] * F[mu, beta, i, j]
-
4∑
m=1
4∑
n=1
eta[m, n] * A[i, m, alpha] * F[mu, nu, n, j]
-
4∑
m=1
4∑
n=1
eta[m, n] * A[j, m, alpha] * F[mu, nu, i, n]))
To display terms like DνF
tνtr, one can run
Expand[field[4, 4, 1]]
The energy-momentum tensor, Tµν , and its divergence are introduced, calculated, and displayed by
Clear[Tupdown, T, DT]
Tupdown = {{p[r], 0, 0, 0}, {0, p[r], 0, 0}, {0, 0, p[r], 0}, {0, 0, 0, -rho[r]}};
T[mu , nu ] := T[mu, nu] =
4∑
alp=1
gInv[mu, alp] * Tupdown[[alp, nu]];
DT[nu ] := DT[nu] =
4∑
mu=1
(
D[T[mu, nu], coord[[mu]]] +
4∑
alpha=1
(christ[mu, mu, alpha] * T[alpha, nu] + christ[nu, mu, alpha] * T[mu, alpha]))
;
TableForm[
DeleteCases[
Flatten[
Table[
If[UnsameQ[DT[mu, nu], 0], {ToString[DTDT[coord[[nu]]]] -> DT[nu]}], {nu, 1, 4}
], 0
], Null
]
]
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The source field, Jµij = DjTµi −DiTµj , and its divergence, DµJµij , can be calculated by
Clear[J,DJ]
J[mu , i , j ] := J[mu, i, j] =
4∑
nu=1
4∑
lambda=1
(
4∑
alpha=1
4∑
m=1
4∑
n=1
(
eta[j, m] * gInv[nu, alpha] * e[m, alpha] * eta[i, n] * e[n, lambda]
- eta[i, m] * gInv[nu, alpha] * e[m, alpha] * eta[j, n] * e[n, lambda]))
*
(
D[T[mu, lambda], coord[[nu]]] +
4∑
beta=1
(
christ[mu, nu, beta] * T[beta, lambda] + christ[lambda, nu, beta] * T[mu, beta]
))
;
TableForm[
DeleteCases[
Flatten[
Table[
If[UnsameQ[J[mu, nu, alpha], 0],
{ToString[JJ[coord[[mu]], coord[[nu]], coord[[alpha]]]] -> J[mu, nu, alpha]}], {mu, 1, 4}, {nu, 1, 4}, {alpha, 1, 4}
], 2
], Null
]
]
DJ[i , j ] := DJ[i, j] =
4∑
mu=1
(
D[J[mu, i, j], coord[[mu]]] +
4∑
alpha=1
(
christ[mu, mu, alpha] * J[alpha, i, j]
)
-
4∑
m=1
4∑
n=1
(
eta[i, n] * A[n, m, mu] * J[mu, m, j] + eta[j, n] * A[n, m, mu] * J[mu, i, m]
))
;
Table[Simplify[DJ[i, j]], {i, 1, 4}, {j, 1, 4}]
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